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Summary

New relations between QUD Borel sum rules for magnetic moments of 2¢ and A hyperons are
constructed. It is shown that starting from the sum rule for the ¢ hyperon magnetic moment
it is straightforward to obtain the corresponding sum rule for the A hyperon magnetic moment
et tee versa.

Pearwome

Tlomyaems ROBER: COOTHOMEHNT MeKIF GOpEIEBCKAME OpaBRTaM® c¥MM B K X1 nng Maraaraerx
MoMeRTOE XU B A ramepook. Iloxasamn, 9To, OTOPARTEACE 0T NQAERTA CFMM /I8 MATHRTHOTO
moMerTa XU remepoma, MOMEO BEMOCRECTEENAD MONYIRATE COOTECTCTEFEATIC: TMPARHEND CFMM
L4 MATHRTHOTO MOMeRTa A rEmepons ef vice verse.
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1 Imtroduction

Recently a scrics of papers were dedicated to study hadron propertics of the 3%, %,
baryons as well as of the A, A, Ay ones in the framework of various QCD surmn rules [1, 2, 3]
[4. 5] (we cite only few cxamples) following pioncer works of [6] and works [7, 8, 9]. Many
interesting results were obtained. But full expressions for mass or magnetic moment sum
rules becorne often too long and tedious to achieve and prove. Morcover the A hyperon
propertics is usually treated apart from the other members of the baryon octet. Other
A-like states also arc treated apart from those of the corresponding ¥-like states. Is it
possible to relate results for A and X hyperons ammeng themselves?

We proposc here nonlincar immtercrossed relations which relate QUD surn rules for
magnctic moments of ¥ hyperon with that of A one and wice versa as well as forrmulac
rclating sum rules for mapnetic moment of X or that of A with the correspending sum
rule for the XA transition magnctic moment. Their origin lics in the rclation between
isotopic, /- and V-spin quantitics and is quasi obvious in the framework of the quark
model. These relations sccrn to be nscful while obtaining hadron prepertics of the A-like
baryons from these of the E-like baryons ( ef wice versa) or checking expressions for them
rmutually.

We begin with a simple example based on the NRQM and then proceed to the QCD

surn rules.

2 Relation between magnetic moments of 3% and A

in the NRQM

Let us writc mapnetic moments of hyperons ¢ and A of the baryon octet in the NRQM:

2 2 1
P (ud, 8)) = Spu + g — cpai PA) = e (1)
As it is Imown mapnetic moment of any other baryon of the octet but that of the A
hypcren can be obtained from the expression for the X9, E.g.. magnetic moment of the
%t (uu, s) hyperon is obtained just by putting p,, instcad of py in Eq.(1):
4 1
Tty = _p, — op,.
pET) = g — 3
But mapnctic moment of the A hyperon can be also obtained from that of the L% one,

as wcll as magnetic moment of the XU can be obtained from that of the A onc. For that
purposc let us formally perform in Eq.(1) the exchange 4 ¢+ s to get

- 2 2 1 -
P(Pa0ey = ghat i — gpai plhasa) = pa (2)
and the exchange u <+ s to get
- 2 2 1 .
PEuard =GPt gl — 3 PlAvos) = pu. (3)
The following rclations arc valid:
2p(Efe.) + p(EL,,)) — p(E°) = 3p(A); (4)

2(p(Agia) + p(Auee)) — 2(A) = 32(Z°).
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Also

M(El.) — p(EL,,) = V3p(E°A); (5)
p(Adess) — P(ﬁum}——ﬂ@#‘[ﬂnﬁ)-

The origin of these relations lics in the structure of baryon wave functions in the NEQM
with iscepin J = 1.{) and L =1:

2v/3|5%wd, 8) 1= |2urdray + 2drura, — urardy — squrdy — drsyuy — srduy >,

20A o= |drsguy, + aqdpuy, — upsrd), — spued, >
where g+ (g,) means wave function of the quark g (here ¢ = u, 4, ) with the helicity +1/2

(-1/2). With the exchanges d <+ s and % <+ s onc arrives at the corresponding [F-spin
and ¥ -spin quantitics, so [ = 1,0 and {/z = () baryon wawve functions arc

—2|85,,, (vs,d) >= |E%ud, s) > +4/3|A >,

—2|Aupe = —v3|E(ud. 8) > +[A >,
while ¥V =1. Vs =10 and V =) baryon wave functions arc

—2508 . (ds,u) = |E%ud, s) > —v/3|A >,

A >= V3| T0(ud, 8) > +|A > .
It is casy to show that rclations given by Eqgs.(2,3) immcaditely follow.

3 Relation between QCD correlators for ¥’ and A

Now we demonstrate how similar considerations work for (QCD surn rules on the example
of QCD Borel sumn rules for magnetic morments.

The starting point would be two-point Green’s function for hyperons XU and A of the
baryon octet:

A = [ dtac™ < O {7 (o). ™A 010 > (6)

where isovecter (with I3 =) and isocalar ficld operators could be chosen as [4]

7 = é%uuﬂcsbhﬁd“ — (@708 yn® — (27O + (O],

J‘. 2‘/—55&[ 2[ aTGdb}T,,S + [uaTGSb}TJd-: [daTGSb}'Tsuc +
2(uTCyd)se - (a 7Oy} — (@7 ), )

where a, b, e arc the color indices and u, 4, s arc quark wave functions, € is charge conju-
pation matrix,

We show now that onc can opcratc with ¥ hyperon and obtain the results for the
A hyperon. The reasoning would be valid also for charm and beaty X-like and A-like
baryons.

In order to arrive at the desired relations we write not only isospin guantitics but also
{f-spin and V-spin oncs.



Let us introduce [F-vector (with [z = 0) and [F-scalar ficld operators just formally
changing (4 <+ 5) in the Eq.(7):

z5tdes) _ 1
77099 = Seul(uTC - 1- d)yee® — (270"} - 95 - v — (1 ¢4 )]

1
ﬁ”ﬂ‘““']—ﬂfsm[( 2u®TC - 1 - 8%)yd® + (w*TC-1-d%) - 5 - 5° +
(£2TC - 1-d%) -y -u) — (1 &+ ). (8)

Similarly we introduce V-vector (with Ve = 0) and V-scalar ficld operators just changing
(z <+ &) in the Eq.(7):

=0 (e 1 a o a o

i o) = Esm[{s TC-1-u®yysd® — (d*TCu™) - 758" — (1 ¢+ 75)]

000 = L (-2 T 1Pt + (1 TC - Lo ut) oy 50 4
(@TC-1-u¥) 75 5%) — (1 2 78)] ©
Ficld operaters of the Eq.(7) and Eq.(8) can be related through
ohlden) _ (/35"
ﬂﬂz Were) = —‘fﬁr“-.
249 —
ﬂﬁz" I:'!.EH-I] — ’?En + ‘V@I}‘ﬂ- [1{]}

Upon using Eqs.(7-10) two-peint functions of the Eq.(6) for hyperons Y and A of the
baryon octet can be related as

EIﬁEn (deve) 4 =" (uH«]] _TE = 34, (11}

5

ﬂlﬂr.mm] + Hil:um]] —II* = 31", (12)

These are cssentially nonlinear relations.

It is scen that starting calenlations, c.g.. from X-like guantitics one should arrive at
the correspondong quantitics for A-like baryons cf wiee versa.

Morcover onc can obiain (QCD Borcl sum rule for the X" — A transition magnetic
mernent using the relations

[]'-:[EDEIIH\E] _ ]":[EHEJH-E]] — \/EHJ\E“.I [13}
[f[f.l{u{-u] _ Hﬂl{d{-ﬂ]] — _\/EHJLE“. (14}

4 Intercrossed relations for the QCI magnetic mo-
ment sum rules

In order to demonstrate clearly how it works we prefered not to use QCD sum rules
claberated by one of us with coanthors [4], [5] though they perfectly satisfy the relations
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(11-14), but instecad to repcat calculations of the first of the (QCD Borel sum rules for
magnctic meoments following [7] conserving non-degenerated quantitics for # and 4 quarks.

We would nced guantitics [6, 7]
24 = _(ﬂﬂ-} <49 >, b= .‘chﬂ -
=(2r) < gdo-Gg> g=ud.as
L GO PF= X < 38 > Fpa, (15)
while the susceptibilitics & and £ are defined threugh

aﬂmﬂl:q

< 3G >r=ck < 3 > Fp,,

Enfp < TG Y5 >p=ted < 04 > Fog.
Also we would define a factor used to subiract the continuum contribution [ﬁ]:

Edz)=1—-c*(14z4..+z%nl), =z=W3/M>, B=X"A,

althouph here we do not use it.
We shall construct sum rule for the magnetic morment of the £ hyperen in the form

E R — (T + AMYye MM | e se, (16)

and then (re)derive term by term the corresponding quantitics for the A hyperon upon
using Eq.(11) and X® — A transition upon using Eq.(13). Here By is 2 coupling strength
of the £ current to the ground state of this hyperoen, while A is a constant arising from
the non-diagenal transitions and c.s.c. means 'excited state contriburions.

We would procced pass by pass to show also that cvery group of diagrams yiclds
cxpressions which can be treated through Eqgs.(11,13) in autenome way.

The 1st term X0 comes from the first two diagrams of the Fig.1.

1 d 1

d u ;oood ‘a

o o S8
Fig.1 <
M6
o] __

wherefrem the anxiliary guantitics ii(tl] and EEE] would be

L]

o) M oL
2" = fraptleta) 2500 = g

Applying Eq.(11) we arrive at the contribution of the A hyperon At given alrcady by all
three diagrams of the Fig. 1:

2ea + €4)-




in agrecment with the 1st term of the Eq.(20) in [7]. The differencc between these anxiliary
quantitics just gives up to a factor +/3 the £UA transition magnctic merment in accordance

with the rclation (13):

. - Me
V3(ZOAND = 200 EES] = m(ﬂu — €a),

which agrees with the corrcsponding term in [3].
The 2nd term £%? comes from the diagrams of the Fig.2.

4/
T 18M2
40

L
=— lsMgaua,ﬂ[cu + €5 + 3ea);

au242(en + €2 + St );

ogot _ _ L
F.5 19 IBM'E

240,2(c2 + €0 + 3 ).
Upcn applying Eq.(11)} we obtain

AlD é[giﬂ’] 1 g5 _ yo) =

L-&f 8
T B4M?

{2[(cuts + ca2a) + 3 cua + ca0e) + a2 + aa)]—
8ty + €2 + Jea) }-
Taking a, = 24 = @, a./a = F + 1., wc get
L4fﬂ
2 — _
A 103 M2

in agrecment with the Eq.(29) in [7].
The difference between these auxiliary quantitics yiclds:

[2(7e, + Teg + €,) + 8f(2e, + 24 + €,)]a®

4

V320 = L

TG 2,|(2uey — daea) + 3 ca0u — cuig) + a2y — ag)]

L4J|’B
- [ &y = 84 = ﬂ-} - @ﬂ.‘ﬂ[ﬂu - ﬂd}'
in agrecment with the corresponding term in [3].

The 3nd term 2% comes from the convergent part of the diagrams of the Fig.3-5.



Fig.3 Fig.4 Fig.5
M2p

on0(2) _

24LiP (2ey + 2eq + 4).

It is straightforward to obtain from Eq.(11)

g (deu + dea + Tea)

again in agrecement with the Eq.(29) in [7]. The diffcrence between these auxiliary quan-

titics gives:

M?p

0238 =
VE(EA) 2414fs

The 4th term comes from the divergent part of the diagrams of the Fig.4. regularized by

a cutoff A:

(e — ca).

— M M2
EED(Q = 1441;4!9 ['Iﬂ'[ An } - 1 - TEM]E(EH + C + 263}'

It is straightforward to obtain from Fq.(11)

Al = Mzb[ln[ 2}_1_ 1(5¢, + 5eq + 2¢,)
192L41'r9 A2 YEL u s &

again in full agreement with the 4th term of the Eq.(29) in [7].
The difference £%4 — 5% yiclds:
M M
“Taaram ™) -

V32 =

The §th term comes from the divergent part of the diaprams of the Fig.5, regularized by
a cutoff A:

— 1en] (e — ca)-

. M?2b M2 A2
EED(J] = 36L4fﬂ [I'ﬂ.( } — 'TEM — E]E(Eu + ﬂd}-

We readily obtain from Eeg.(11)

M?3b JM2

M2
(8 — _ — - =

in agrecment with the result of [7].
The diffcrence £%5 — 596 viclds:

: M M M?
V3204 = ~ sepaln(G) — vmu — gogllon — ca).

The 6th term R invelves sucseptibilitics y. &, £ as it is scen from the diagrams of
the Fig.6 and is given by



= A /iugﬂ ﬁ?ﬂ

& 8 B g
Fig.6
as0®) = __1 _ropp ™ige Yeul(Xutu)aa + (M — m?“]”}cd( 404)a. )]+
= 3L.4J'r37 BL‘”H Xu 8L4]."9 X A2 )2
L4f9

F[ﬂu((ﬂﬁu - Eu}aua'd + ed[(ﬂﬁd - 'fd}adau}]'.
whilc the auxiliary quantitics arc:

1 2 2

e U(6]

EEM 3L4f27[[M2 8L41‘r9 }cu(xﬂaﬂ}ai +[M2 SL_.;J(Q }cﬁ[xﬁal}a“]
LAf®
F[ﬂu((zﬂu £ 1utts + €4 (260 — Eo)aatn)];

2
2500 = L jae - 0000, + (47— T (o
s = T oragm BLAR 8L/

L4_|F9

15 1cal(262 — LaJaaas + ca((260 — &)anaa)].

Upcn using Eq.(11) we gct.

1 mi
A = e (M7 — 755 126 xa02) — euuaa)ast

A2 ﬂ a A2 m a a
(M" — T am2e(xeas) — calxaaa)law + (M — oo )2enlxutn) + 2ea(Xaoa) o

448
%{cuizﬁu - 'Eu}a'u[zﬂ'a - a‘d} + cd[ﬂﬁd - Ed}ad[zﬂ'a - au} + 253[253 - fa}a't[a-u + a‘d}}'.

Wththth&u =83 =8 X T Xa T Xy By =HJ=H1EB=EJ=£1m'dan'(a=f+11
(xs2.)/(xe) = ¢, similar for {. &. gocs to

2
Xa
(

18 .4/27 (25 £)a®|[(cu + cad(1 4 2F) +4c,9)]

—+1- BL‘U“) +3 108

in accord with [7]. The diffcrence £0() — if&ﬁ] yiclds:

m3, FATE
T (M — ) + S (2 — Olao

f{EﬂA}(ﬂ — —(&y — ea)] 3L

ﬁLlifﬂT

which agrees with the result of [3].
Now we perform calculations of the Tth term given by the diagrams of the Fig.T:



=
g Fig.7 i
A2
207 = — g 2wt + caadyms — (cuda + caou)ms +

2e,(ty + ma)e, + 2ewauma + casamy) — (cuma + camy)a,). (17)

Performing changes s <+ 4 and s <+ % to obtain the auxiliary quantitics we pet
2

sof) _ M
25 = 3L

2cd|:mu + ma}ﬂ'd + 2({3“11“7}1, + c,a,mu} - I:cuma + camu}ad]'.

12(eyay + co2sima — (Eutys + catyyma+

4[2[ﬂdﬂ‘d + ﬂ,ﬂ;}fﬂ-ﬂ - [ﬂdﬂl + caﬂd}mu‘l'

o307 — _ M
f.2 ] 3L41|r9

Ecu[md + ma}au + ﬂ[cd‘a'dma + c,a,md} - [ﬂdfna + camd}au]
and using Eq.(11} we obtain

M2 2

Al = — gz 316(cutuma + cazamu) + 66,0, (my + ma) — au(cumy + camu)+

6ms(cutts + c284) — MolEuts + ca04)]

1502
 36LA/®
and hereit is the only discrepancy between our result and the corresponding term in [7], as
they have (19/36) instcad of cur (15/36). The enly divergence in the 7th term scerms to be
due cither to some misprint or eventually to some diagram we have not taken into account
in the Fig.7. But the example of zll the other contributions including those given by the
diagrams of the Fig.9 to sec later ( the centributions of which vanishes for all baryons but
A in the limit of zero masscs of the light quarks) tcaches us that an eventually missed
diagram would follow Eq.(11) all the same.

We have checked our result upon applying the Eq.(12) to the obtained expression for
A in order to arrive at the expression for £, The answer have coincided with that
of the Eq.(17).

— [~ My, 8y = 234 = a) malcy + ca)a,
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The difference %7 — 597 (~ m,} upon using Eq.(13) yiclds:

Mﬂ
va(EA) = H,—‘*f”[[ Culld — Caty V]

+( o0 =as = 0)75(-1/4)(cu — cmao,

cocfficient (-1/4) to comparc with (1/3)} in [3]. Here again we sec a discrepancy between
our result and that of [3], while as we have scen and shall see all other terms perfectly
satisfy Eq.(13).

The 8th term cormnes from the diagrams of the Fig.8:

_— N

§ . &
Flg.B
afg) _

28 = 2747 [I [—] — 1 - 1en2ic,m, + cymaa,

whercfrom upon using Eq.(11):
M2 M2
AR — oL/ [In[ —5 ) — 1 = 1Em]camu(Zas — e, )+
g, M A2
camdi2ay — 8,) 4 2eamq(ay + ag)] = S A/ [In( 5 ) — 1 — vEn]

in agrecment with the result of [7, 9).
The difference %8 — 5% ypon using Eq.(13) yiclds:

M? M?
aramll oz ] — 1 — venll(cumucs — camaoy) + cimalas — au)] = 0.

f{E“A}IIB] —

The 9th term L) comes from the diagrams of the Fig.9:

: 5

TN T LT T
o ) T

Fig.9

anofs) _ _ [2{exauyuma + cataxamy) — 2 cutuXuMe + caaaxama)).

4L28f21’
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This term is identically zero with m,, = mg. So a contribution to the AY term comes
only from the anxiliary quantitics E (9] and i]ﬂf] :

M4
 4paepr
. At
2n8) = — g [2(6d0axame + CodiXama) — Hcdoaxama + CedeXatna)]-

EEDM = [Bleuduxumms + CataXaMu) — 2 euuYu™Mu + CalaXats)),

As a result we get from Eq.(11):

M4
A = — o 2letue + Cataxa — 26l — (Cudutuma + cavaXam)—

(CxtuXutu + c48aXamd) + 2Cs8aXa(Me + ma)}
and fﬂrmu = my :ﬂ'.a'u =8 =8 Xu = Xa = X x.n’am'lrxﬂ': ¢'
4
—+ _W(ﬂu + g — 2c,8)m,ax
in accord with the Eq.(4) in [8)].
The difference fJEEf‘] — EE&QJ upcn using Eq.(13) yiclds:

M4
V3 [EUA}I{QJ YD fﬂ[m,a.x[cu ed) + Cs8sXs(mu — ma) — (cumy — cama)ay]

and for m, = mgq =1,
ME
— —W‘maﬂx{ﬂu - ﬂd}-.
which agrees with the corrcsponding term in [3].
The 10th term £ comes from the diagrams of the Fig.10:

! Fig.10

The last diagram contributes enly to the & term and has an infrared divergence repularized
by a cutoff A. Finally,

1 M? M?
EEnEm] = [E[ﬂﬁu - Eu}}Mn - TH“[IHIF] -1- TEM]]ﬂu'ﬂ'umd-l'

1 M?2 M2
[_[Eﬁd — &)} M — —l'iat[’l'ﬂ[—2 — 1 — ten] cagam,.

Performing changes (4 ¢+ s) and (4 ¢+ s) to construct quantitics X0 and £0{1) and
putting them into Eq.(11) we obtain for the contribution ALY

11251,[.!71[ M

ALY = Mz[_[ﬂﬁu &u)) — A2 7 -

1 — ven]leueu(2m, — ma)+
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M2 (2s — ) — 15 mlin ) — 1~ yoarlcsna(m, — ma)

1 A2
— i [ln(—- e Y —

or (maint aining, ﬂnl_',.r terms ~ m, and putting e, = a4 = 8, Ky = Ka = &, £u = E4 = £):

2M2[ I:EH, }} - 1-— TEM]]ﬂaaa(fnu + md}

fioy] _ 1 . M
AL = (e + el i(2m — )M — " slin(oy )~ 1 yeadlom,

again in full agreement with the results of [7],[9].
The corrcsponding term for LA transition magnetic moment can be readily obtained
through Eq.(13):

\/{E[EDA}ELU] = [%[ﬂﬁ — f}ME _ gﬁllﬂ.[ T:} 1-— TEM]][maﬂ[ﬂu — E,_t}—l—
craxlm — ma)] = (eu — e)ls @ — M — 2 a2y 1 ygulim.a.

Corbining all the terms ANk = 1,..., 10, we arrive at the QCD Borel sum rule for the
A mapnetic moment:

G

b
(Eu ‘I‘ Cd + 4‘23} ‘I‘ [45'1: ‘I‘ 4:’.’.& ‘I‘ ?Ea}

12447 144577
4f9
~ s 20T + Tea + €a) + 87 (2eu + 202 + £.)]a’—
M?b
toararm bl ) — 1 — venl(Bey +Bea + 2¢,)—
M?b M2 A2
mSL.;j,rg[ o } TENM — ﬁ][ﬂu + g + 4,0+
[131,4;27[ ng} + —(ﬂﬁ £a?[(ex + ea)(1+ 2F) + 4c,d]
15072 2m, ac, M M?2
_36L4f9m‘[ﬂu + Ed}ﬂ- + 3L4}rg [I'ﬂ-( An }_ 1 - TEM]
M a
ﬁLnsfnv[c“ + 4 — 2e,9)m,ax+
M2 M?
(cut eall (2% — )M — *rlpn(Z5) — 1~ gmlom,

= B pac M1 4 A M) + csee.
in agrecment with [7] but the cocfficient (15/36) instead of (19/36) in the 7th term.



Combining all the terms (R°AY*, k = 1, ...10, wc arrive at the QCD Borel sum rule for

the XA transition magnetic moment:

MS LA M2b
(o — ey + oap %+ 2azem
M3p Mz Mz J'M2
_ A JATE
& an?( ;4}';} + EH - E}]aa, +
M21 M

— — — — — 2 —
Ta7s ™% ~ TramaeoX + [13(2.‘; £ M
M2

A2 3
?ﬁun[ﬁ_ﬂ —1— yeullm,a = BsBavBpgane™ M (1 + Aoy M?) + cse. (18)

5 Conclusion

We have shown on the example of QDC Boerel sumn rules for magnetic moments of the
¥ and A hyperons in the version proposed in [7] that starting from the sum rule for the
¥ hyperon it is straightforward to obtain the corresponding sum rule for the A hyperon
upon using intcrerossed relation Eq.(11) as well as to construct a corresponding sumn rule
for the A — XU transition magnctic moment.

We have also checked without writing it down that starting from the obtained QCD
sumn rule for the A magnetic moment and applying Eq.(12) we return to the initial sum
rule for the £ magnctic moment.

We have checked these formulac for the QCD Lipht-Cone sum rules written by ene of
us with coauthors [5] and scen that the Eqs.((11,12) arc satisficd cxactly. The results will
be published clsewhere. But we think that it is mere convincing and instructive to take
already published results in erder to prove our formmulac. Earlier simnilar result has been
proved for the QCD mass surmn rules [10] upen relating XY and A mass sum rules where
the agreement with the sumn rules of [1] has been found to be perfect.

As for magnetic moment sum rules we have shown cxplicitly that every group of
diagrams for X" gencrates according to Eqs.(11.13) analogous groups of diagrams for A
and LA in practically full agrcement with the resulis of [8] and [3]. ( The only cur
divergence with [8] in the Tth term secrmns to be duc cither to some misprint or eventually
to some diagram we have not taken into account.)

The proposed relations Egs.(11-14) can be used not only teo obtain many propertics of
the the X-like baryons from those of A-like oncs of vice versa but also to check mutually
rmany-terms rclations for the X-like and A-likc baryons.
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